A systematic study of precompact and compact subsets on asymmetric normed linear spaces is developed, centering our attention in the case of linear lattices with an asymmetric norm.
Introduction
This paper is devoted to characterizing the compactness and precompactness of subsets on asymmetric normed linear spaces. Although some general results are obtained for the general case, we center our attention in those asymmetric linear spaces (X, q) that are directly related with Banach lattices (X, · , ) using the order to define an specific asymmetric norm by the formula q(x) := x ∨ 0 , x ∈ X (see Section 2 for a rigorous definition). In this case, it was already known that those subsets K ⊆ X satisfying that there exists a q s -compact set K 0 (i.e. a compact set in the associated Banach space (X, q s )) such that
are compact for the (non-symmetric) topology associated to q, where θ 0 := {x ∈ X: q(x) = 0} (Proposition 11). These subsets are called q-compact sets. The main idea of the paper is to investigate if in fact this property characterizes the q-compact sets. Although we solve this question in the negative, we show that this property is closely related to the compactness of subsets of (X, q). Our main technical reference is the paper [6] ; actually, this paper is the starting point of our work. More information on the structure of these spaces and compact sets on them (with respect to different topologies) can be found in [4] and [10] . The class of q-compact sets on asymmetric normed linear lattices has different properties to that of the class of q s -compact sets. The following-rather surprising-examples show this; consider the asymmetric normed linear lattices R, ∞ and 2 with the canonical asymmetric norms given by q(·) = · ∨0 . Then it can be easily proved-using, for example, Proposition 11-that the q-closed unit ball of R and the one of ∞ are q-compact, while the q-closed unit ball of 2 is not. Recall that the closed unit ball of an infinite dimensional Banach space is not compact. Thus B q s ,1 (0) is not q s -compact but B q ,1 (0) is q-compact in ∞ (see Section 2 for the notation). We present our results in five sections. After two introductory sections, we present in Section 3 general results regarding boundedness, precompactness and compactness in abstract asymmetric normed linear spaces. Section 4 is devoted to investigate precompactness in a more specific way, obtaining necessary and sufficient conditions for this property to happen in relation with the existence of a subset K 0 satisfying the inclusions in (1) . Finally, in Section 5 we provide a class of subsets in which the existence of such a chain of inclusions gives a characterization of the q-compactness of the set.
From the methodological point of view, we must point out that although the use of the order of the lattice in the definition of the asymmetric norm is assumed in many of our results, we have applied pure topological arguments. This means that many of our arguments can be extended to general asymmetric normed linear spaces. Therefore, we have not used any type of generalization of the classical concepts of the theory of topological linear lattices regarding the order properties, as order completeness or order continuity. Our framework is in this sense the general topology (non-symmetric topology).
Topological preliminaries
Let R be the set of real numbers, R + the set of the nonnegative real numbers and N the set of natural numbers. Let X be a real linear space. A function q : X → R + is an asymmetric norm on X if for every x, y ∈ X and r ∈ R + ,
(These functions are also called quasi-norms in [2, 1] and [13] .) Actually, a norm on a normed space is an asymmetric norm. The function q −1 : X → R + defined by q −1 (x) = q(−x) is also an asymmetric norm. The formula q s (x) = max{q(x), q −1 (x)} gives a norm on X. It is possible to find several examples in the literature of applications of asymmetric norms and related structures in functional analysis, general topology and theoretical computer science (see for instance [8, 11, 14] and [16] ). Asymmetric norms have also been used in the context of approximation theory (see [3, 4] and [13] ).
A quasi-metric on a set X is a function d : X × X → R + that satisfies
The balls that give the topology on (X, d) are defined in the quasi-metric case in the same way that in the metric case. Each quasi-metric d on X generates a topology T (d) on X that, in general, is a T 0 topology. The basic open sets can be defined as the d-balls,
An asymmetric norm q on a linear space X induces the quasi-metric d q by means of the formula
Thus, the sets B q ε (0) := x ∈ X: q(x) < ε , ε >0, define a fundamental system of neighborhoods of zero for the topology T (d q ), and for all y ∈ X, the sets B q ε (y) = y + B q ε (0) define a fundamental system of neighborhoods of y (note that all these sets are convex). Then, we say that the pair (X, q) is an asymmetric normed linear space. For the sake of clarity, since we deal throughout the paper with the topologies induced by q, q −1 and q s , we will write these symbols before the property we are referring if necessary; for instance, we will write q-compact set, or q s -compact set to refer to compactness of a set with respect to the topology induced by q (resp. by q s ). If the space (X, q s ) is complete, we say that (X, q) is a bi-Banach space (see [7] ).
We denote by B q ,ε the set,
Let (X, q) an asymmetric normed linear space and x ∈ X, we will denote by θ x the set defined by
In particular:
Observe that θ x is the closure of {x} in (X, q −1 ). There are several properties of sets θ x that should be taken into account. Given a set A ⊂ X of an asymmetric normed linear space (X, q) (Lemma 2 in [6] ), we have that
where A + θ 0 = {z ∈ X: z = x + y, x ∈ A and y ∈ θ 0 }.
Finally, the next definition is related to one condition that will be important in Sections 4 and 5 of this paper. Let (X, q) be an asymmetric normed linear space. We say that it is right-bounded (the definition is equivalent to Definition 16 in [6] ) if there exists a real constant r > 0, such that (x) . In this paper we mainly deal with asymmetric norms defined on linear spaces that have a Banach lattice structure; i.e. spaces as (X, · , ), Banach spaces with an order that is compatible with the topological and linear structure. In this case, and given two elements x, y ∈ X, the supremum x ∨ y and the infimum x ∧ y belong to the Banach lattice (see for instance [12, Vol. II] ). This provides a canonical way of defining an asymmetric norm on the lattice by the formula
It has been found that these spaces are the most interesting ones from the point of view of the applications (see for example [8] ). It can be proved that in this case these spaces are right-bounded with constant r = 1 (see the following lemma). The first systematic study of these spaces was done in [1] (see also [2] ). The reader can find the concepts and results on locally convex spaces and Banach spaces that are needed in [12, 15] and [17] . Definitions and results on general nonsymmetric topology can be found in [5] .
Bounded, precompact and compact sets in asymmetric normed linear spaces
Let (X, q) be an asymmetric normed linear space.
Definition 2.
A subset A of X is q-bounded if there is a positive constant M such that q(x) M for all x ∈ A. It is obvious that if a set A is q-bounded and q −1 -bounded, then A is q s -bounded.
Although in the case of normed spaces precompactness and outside precompactness are equivalent properties, the extension of the notion of precompactness is not direct in the case of asymmetric normed linear spaces. This fact motivates the next definition.
Definition 3. We say that a subset A of X is q-precompact if for all ε > 0 we can find a finite set of points
We say that a subset A of an asymmetric normed linear space (X, q) is outside q-precompact if for each ε > 0 there is a finite set
Obviously if a set A is q-precompact, then it is outside q-precompact; the converse is not true in general, a q-convergent sequence is outside q-precompact but it is not necessarily q-precompact (as we shall see in Example 7).
The following proposition characterizes the q-precompact sets and the relationship between q-precompactness and outside q-precompactness.
Proposition 4. Let (X, q) be an asymmetric normed linear space. A subset A of X is q-precompact if and only if for
Proof. The direct implication is obvious by the definition of q-precompact set. To prove the converse fix a positive ε and choose a finite set
Then the set A is q-precompact. 2
Note that q-precompactness does not imply q-compactness; for example for the asymmetric normed vector space (R, q), with q(x) = x + , we have shown that R − is q-precompact (see the remark before Proposition 9), but it is not q-compact because there is a q-open cover without finite subcover:
As a consequence of the definition we have that if A is q-precompact then it is q-bounded. It is also immediate that the q s -precompactness implies q-precompactness and q −1 -precompactness but this condition is not sufficient, as we show in the following example. 1, 1 Note that in asymmetric normed linear spaces, the limit of a sequence is not in general a unique point, since the topology is not necessarily Hausdorff [9] .
is q-convergent and x 0 belongs to lim n x n , then the set {x 0 } ∪ {x n : n ∈ N} is q-precompact.
Proof. By hypothesis x 0 ∈ lim n x n . Then for ε > 0 there is some n 0 ∈ N such that x n is in B q ε (x 0 ) for all n n 0 . Thus we have that
The inclusion of a limit point is necessary for Proposition 6, as the following example shows.
Example 7.
In the space ∞ with the asymmetric norm q(
By the previous proposition we have that {x n : n ∈ N} ∪ {z} is q-precompact.
We prove now by contradiction that {x n : n ∈ N} is not q-precompact.
we can find a finite set of indexes
Note that {x n : n ∈ N} is a q-bounded set that is not q-precompact. 
Thus, the set {x 1 i + x 2 j : i = 1, . . . , n, j = 1, . . . , m} define an adequate set of centres of q-balls of radius ε to cover the set A 1 + A 2 .
(2) Let A be a q-precompact subset of X. For ε > 0, we can find a set of points of A, Note that the q-closure of a q-precompact set is not necessary q-precompact. Consider the asymmetric normed linear space (R, q), where q(x) = x + = x ∨ 0, x ∈ R. The subset R − := {x ∈ R: x < 0} is q-precompact because for all ε > 0, R − ⊂ −ε + B q ε (0), but R − q = R, which is not q-precompact. However, the following result shows that the closure with respect to another topology of a q-precompact set is q-precompact.
Proposition 9.
A subset A of (X, q) is q-precompact if and only if the q −1 -closure of A is q-precompact. A is q-precompact and ε > 0, there is a finite set in A, {x 1 
Proof. (⇒) If
We have that for every i ∈ {1, . . . , n}, x i ∈ A q −1
. Then for a fixed index i there is some a i ∈ A such that 
So we obtain that A is q-precompact. 2
Corollary 10. Let A and B be two subspaces of (X, q) such that A ⊂ B and B is q-precompact. If
A is q −1 -dense in B then A is q-precompact.
Note also that if A is q-precompact then convex(A)
is also q-precompact, as a consequence of Proposition 9.
q-precompactness and q-compactness
Let (X, q) be an asymmetric normed linear space and K ⊂ X. Then K is compact respect to the topology T (d q ) induced by the asymmetric norm q if and only if K + θ 0 is compact for the same topology (Proposition 6 in [6] ).
The following result gives a sufficient condition for q-compactness. This result does not give a characterization of this property (see Example 12 below). This fact motivates Section 5.
Proposition 11. Let (X, q) be a asymmetric normed linear space. If K is a subset of X such that
Proof. Let {A i } i∈I be a q-open cover of K. Since K 0 is a subset of K and A i is q s -open for all i ∈ I, {A i } i∈I is a q s -open cover of K 0 . Therefore there is {A i j } n j =1 such that
Thus, by Lemmas 4 and 5 of [6] ,
This shows that K is q-compact. 2
The following example proves that there are q-compact subsets which do not satisfy the existence of a q s -compact
Example 12. In the space ( 1 , q) with q((α i )
we define the set K = {x n : n ∈ N} as x 0 = (0, 0, 0, 0, . . .),
We prove first that
is an open cover of K, then there is some index i 0 such that x 0 is in A i 0 and some radius δ > 0 such that 2. Now we prove by contradiction that there is not any q s -compact set K 0 such that K 0 ⊂ K.
If K 0 ⊂ K is a q s -compact set, then either K 0 is finite, or K 0 must contain a q s -convergent subsequence of the sequence {x n } ∞ n=1 . But the latter is impossible, because the subsequences of {x n } ∞ n=1 are not q s -Cauchy: 
Proof. (1) Step 1. First, we construct an special family of balls covering the set K in order to find an adequate q s -compact set. By the definition of q-precompactness we have that for ε = 1/2 and ε = 1/4,
It follows that for all i = 1, . . . , n 2 , there is an index j i ∈ {1, . . . , n 1 } such that
We also have that B 
. . , n 1 . We will prove first that L is q sprecompact.
Let ε > 0, we consider some N ∈ N such that 
Step 2.
. We must prove that K ⊂ K 0 + θ 0 . If x ∈ K, for each n ∈ N, there is somex n of the corresponding family obtained in the previous step (we omit the indexes since there is no confusion) such that
Then for every n ∈ N, there areȳ n ∈ B q s 1 2 n (x n ) and z n ∈ θ 0 such that x =ȳ n + z n .
Consider the sequence
We now prove that q(x − x 0 ) = 0. For a positive ε there is some index k 0 such that for all k k 0 , q s (
If we choose k 1 such that 1 2 n k < ε 2 for all k k 1 and we consider k 2 = max{k 0 , k 1 }, then for all k k 2 we have:
Since this can be done for every ε > 0, we obtain that q(x − x 0 ) = 0 and this implies that x − x 0 ∈ θ 0 . We conclude that
This finishes the proof of (1).
This clearly shows that K is outside q-precompact. 2
Remark 14.
It is not possible to improve part (2) of Theorem 13 for obtaining q-precompactness of K.
Corollary 15. Let (X, q) be a bi-Banach asymmetric normed space and let K be a subset of X. If (X, q) is rightbounded with constant r = 1 and K is q-precompact then there is a sequence {x
Proof. By Theorem 13 there is some q s -compact set K 0 such that K ⊂ K 0 + θ 0 . Thus we can find some q s -convergent sequence {x n } n∈N such that lim n q s (x n ) = 0 and K 0 ⊂ convex({x n : n ∈ N}) q s (see [12, Vol. I, Proposition 1.e.2]. Then we have
Corollary 16. Let (X, q) be an asymmetric normed space and let K be a subset of X. If there is some q s -precompact
Proof. Note that we have the conditions to apply the proof of Theorem 13(2). Then we can directly conclude that K is outside q-precompact. Thus, for ε > 0 there is a finite set
ε (x i )∩K = ∅, and by Proposition 4, K is a q-precompact set. 2
Topological requirements for a characterization of q-compact sets
In this section we describe a particular class of subsets of an asymmetric normed linear space (X, q) for which the condition of existence of a q s -compact subset K 0 ⊆ X such that
characterizes the q-compactness of K. In previous sections we have proved that, in fact, q-compactness of K does not imply the existence of a subset K 0 satisfying (2) (see Example 12) . However, it is possible to find a broad class of examples in which these properties are equivalent. Actually, for this to happen it is necessary to impose some strong requirements on the subset K, essentially regarding the compatibility between the topology inherited by K as a subset of (X, q) and the one generated by subsets of the form B (1) For every pair x, y ∈ C 0 and for all t ∈ R + , ρ(x, t) ρ(y, t) whenever x ∈ y + θ 0 , and
, for all t ∈ R + and for every x ∈ C 0 .
The compactness type property that we can characterize under the assumption of Definition 17 is closely related to the existence of subsets C 0 ⊆ K such that C 0 defines covers of K and there is a finite subcover for each such a cover, in the sense given by the following Definition 18. Let C 0 and K be two subsets of an asymmetric normed space (X, q), C 0 ⊆ K. We say that K is a C 0 -q-compact set if for all sets of positive real numbers {ε x } x∈C 0 , the class {B q ε x (x): x ∈ C 0 } defines a cover of K, and this cover admits a finite subcover. Note that a set K is q-compact if and only if it is C 0 -q-compact for some C 0 ⊂ K. (
There is a q s -compact set K 0 such that
Proof. Let us first show a direct proof of (2) ⇒ (1). Take a q s -compact set K 0 satisfying (2). Then it is q s -closed, and for every family of radii {ε x : x ∈ K 0 } the sets
define a cover of K. Since K 0 is q s -compact and the sets
give a q s -cover of K 0 , there is a finite q s -subcover of K 0 defined by a set of points x 1 , . . . , x n ∈ K 0 . Since
K is K 0 -q-compact, and then (1) holds. Now let us show that (1) ⇒ (2) under the assumption that K has the B(C 0 )-property. The proof follows the constructive arguments of the one of Theorem 13; we define a q s -precompact set C ⊆ C 0 in order to find K 0 as the q s -closure of C. In what follows we prove that this set is q s -precompact following the same arguments that in the proof of Theorem 13; we write the proof for the sake of completeness. For an ε > 0 there is a natural number n 0 such that . To obtain the result we must prove that K ⊂ K 0 + θ 0 , since we already know that K 0 ⊆ C 0 ⊆ K.
